Abstract. The mathematical model of the mutual synchronization system with complete graph structure, composed of ( ∈ ) oscillators, is investigated. This mathematical model is defined by the matrix differential equation with delayed argument. The solution of the matrix differential equation with delayed argument is obtained by applying the Lambert W function method. On the base of this solution, the step responses matrix of the synchronization system is defined and the transients in the system are investigated. The results of calculations, received by the Lambert function method, the dde23 method in Matlab and the exact method of consequent integration, are compared.
Introduction
Control systems and engineering techniques have become an integral part of modern technology. These systems are often components added to other complex systems to increase their functionality or to meet the set of design criteria. Usually they are being investigated by applying their mathematical models. More exact analysis of the systems demands the use of the more complicated mathematical models. Often the delays of the signals, transferred along the control system, must be included into these models. The delays make the investigation of the model more cumbersome. Usually investigation of such model demands solution of delay differential equation. The principal difficulty in solving delay differential equation lies in its special transcendental character. The characteristic equation of linear delay differential equation is transcendental and has infinite number of roots. For solution of this characteristic equation in the present work we use a method based on the application of Lambert W functions. The Lambert W functions for analytic investigations of various dynamical systems with delays were applied by several authors [1] [2] [3] [4] [5] . In [1, 2] , the new analytic approach to obtain the complete solution for systems of delay differential equations based on the concept of Lambert W function is presented. In [3] , Yi et al. have considered the problem of feedback controller design via eigenvalue assignment for systems of linear delay differential equations using Lambert W function method. In [4] , the approach of using the Lambert W functions to time domain analysis of a class of fractional order time delay systems is extended. In [5] , a survey on analysis of delay systems via Lambert W function is given. In all these works the systems of differential equations of order not greater then third were investigated by applying the Lambert W function method.
In the present work, we apply Lambert W function method to investigate synchronization systems, described by linear systems of delay differential equations up to fifteenth order. The relative errors of the obtained results are evaluated using the solutions obtained by the exact method of consequent integration.
Formulation of the problem
In the presented work, the multidimensional control system with delays and with structure of complete graph is investigated. The mathematical model of this system is the matrix differential equation with delayed argument [6] [7] [8] [9] ), ( = As an example of a control system, described by the equation (1), the mutual synchronization system of the communication network, having structure of the complete graph and composed of oscillators, can be pointed out [8] (in Fig. 1 the scheme of the internal links of the system, composed of 5 oscillators, is presented). In this case, the symbol ) (t x i in (1) stands for the phase of the -th oscillator. We shall assume that
is the initial phase of the -th oscillator's oscillation,
is the frequency of the -th oscillator, i f 0 is the own frequency (the frequency of the -th oscillator when the control signal is disconnected). The meaning of (5) 
Solution of the matrix differential equation with delayed argument
If to apply the Lambert W function method (see [10] , p. 23), the solution of (1) on the interval [ ) +∞ 0, can be expressed as follows:
, which is an initial state of delay differential equation (1) 
The step responses matrix of the system
A good representation about transients in the system can be obtained by determining its responses to perturbations having form of the unit jump [6] . The response of the -th oscillator's oscillation phase to a unit jump in the j -th oscillator's oscillation phase we shall call the step response ) (t h ij . The set of the step responses ( )
(the step responses matrix of the synchronization system). We shall find the matrix
When the increment of the phase of the -th oscillator takes form of the unit jump, the increment of the free term of the equation (1) can be expressed as follows
here ) ( j I is the matrix-column all entries of which are zeros except the -th element, which is equal to 1, ( ) is the Dirac delta function. Taking this into account and using (1), we get the following differential equation for step responses ( )
is the -th column of the step responses matrix ) (t h , matrices 1 B and 2 B are defined by (2) and (3), respectively. Firstly, we shall find the solution of (12) 
Solution of (13) is the set of functions:
here ) 1(t is the Heaviside step function.
Using the solution of (13), the differential equation
can be presented as homogeneous matrix delay-differential equation
[ ]; 
Applying the Lambert function method, the solution of (14) 
here is a sufficiently large natural number.
Investigating of stability
Analyzing the distribution of roots of the transcendental characteristic equation of delay system we can obtain information about its stability. Let's write down the characteristic equation of investigated system and find out the closed form solution of it.
Let's write down homogeneous differential equation corresponding to (1):
Assuming that a solution of homogeneous differential equation is a vector function
and substituting it into (18), we get the transcendental characteristic equation 0 = 
(here is × numerical matrix, is a nonzero numerical vector with entries; the entries of and are some complex numbers). Function (19) will be a solution of the homogeneous differential equation (18) if matrix in its expression will be a root of the transcendental characteristic equation (20). We shall find the closed form expression for roots of (20).
Multiplying both sides of (20) 
If is not diagonalizable, then
( ) has more complicated structure (see, for example, [17] 
Comparing the Lambert function method with the exact method of consequent integration
The solutions of matrix delay differential equations (1) and (14) are presented by the infinite functional series (see (9) and (16)), which determines the exact solutions. In the real calculations we apply the approximate formulas (10) and (17), obtained from (9) and (16) with finite (2 + 1 indicates the number of branches of the Lambert W function, which are used in calculation of the solutions).
We shall investigate the rate of convergence of the approximate solutions of matrix delay-differential equation (14) to its exact solution with increasing . For this purpose, we shall apply the exact expressions found by the method of consequent integration (method of "steps") [8, 11] .
We present the solution of (1), applying the Laplace transform, as follows [8] : 
Let's write down the step responses matrix of the system. Using (1), (12) and (25), we obtain , ) (
The inverse Laplace transform, applied to the right hand side of the latter expression, gives In Fig. 3 figure, we see that the character of the transients in the synchronization system crucially depends on (the number of oscillators in the synchronization system). If = 3, the transients get oscillatory features when ≥ 1, and with increase of the oscillatory features of the transients tend to increase. If = 15, the transients in the system go without oscillatory features even when = 2.5 . With an increase of and the duration of transients in the system changes insignificantly. In Fig. 4 The graphs of some step responses are given in Fig. 5 . The graphs presented on these figures show that the system under consideration is marginally stable since the step responses tend to positive finite values when tends to infinity (the characteristic equation of the system has simple zero root).
Stability
Analyzing the distribution of the eigenvalues of matrices ( = 0, ±1, ±2, … ) (the roots of the characteristic equation (20)) on the complex plane one can make a conclusion about system's stability. In λ . This eigenvalue is simple and has zero real part. This fact indicates that the system is marginally stable [16] . This conclusion coincides with the one obtained from the analysis of the graphs of step responses. In Fig. 7 , the relation between real parts of eigenvalues 3. The Lambert W function method has the advantage in comparison with a numerical method based on the application of dde23 program in MATLAB, if the product is small ( ≪ 1). 4. The method of research of dynamics, used in the presented work, can also be applied to other control systems, described by the linear matrix differential equations with delayed arguments and with commuting coefficient matrices.
